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The mean-squared displacement, velocity autocorrelation function, and the non-Gaussian parameter, ob-
tained by dynamic light scattering on suspensions of particles with hard-sphere interactions, are compared with
the results of the idealized version of mode-coupling theory. Both leading order asymptotic and full numerical
solutions of the mode-coupling equations are considered. Experiment and the full numerical results of the
theory expose similar qualitative changes at the volume fraction of the first order freezing transition. In
particular, the emergence of negative algebraic decays in the velocity autocorrelation function of the under-
cooled suspension suggest the emergence of clusters in which particles are trapped. Consistency of experiment,
computer simulation, and theory in this regard suggests that, at particular strengths of the delayed, nonlinear
feedback, contained in mode coupling theory, the latter predicts not only structural arrest which, as already
established, is symptomatic of a glass transition, but also a more subtle change in dynamics that signals the
onset of the first order transition.
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I. INTRODUCTION

Considerable experimental and theoretical effort has been,
and continues to be, directed towards an explanation for the
dramatic increase in the structural relaxation time and resis-
tance to flow of a liquid when undercooled. Many liquids,
when cooled very quickly below a certain temperature, attain
an apparent viscosity so large that they behave like brittle
solids. In these amorphous solids, or glasses, the structural
rearrangements, that with slower cooling might have effected
a first order transition into a crystalline solid, are effectively
frustrated.

Interest in this aspect of condensed matter has intensified
since it was discovered, about two decades ago �1�, that
mode-coupling theory �MCT� applied to very dense fluids
yields a dynamical singularity that has been identified with
the glass transition �GT�. A comprehensive review of the
theory �2� opens as follows: “The mode-coupling theory for
the density-fluctuation dynamics was developed originally in
order to deal with the cage effect.” The microscopic picture,
first introduced by Frenkel �3�, proffered by this is that atoms
of a liquid move spontaneously from one neighbor cage to
another. The entrapment time lengthens on increasing the
liquid’s density, or decreasing its temperature, to the point of
solidification where atoms become permanently trapped in
their respective neighbor cages. So the entrapment time can
be considered as a crossover from local solidity to fluidity in
which sense the cage picture, as its proponent suggests, of-
fers a microscopic description of Maxwell’s model of vis-
coelasticity �4�. Obviously, this model does not distinguish
between crystallinity and amorphousness. MCT �1,2� goes
beyond the ideas of Maxwell and Frenkel in that the delayed
nonlinear coupling between density fluctuations, included in
the theory, attempts to describe the cooperation, or backflow,
required for an atom to leave its neighbor cage. The resulting
theory describes the observed decay of the correlation of
density fluctuations with quantitative accuracy �2�, at least
for those cases where the interactions between the fluid’s

particles are simple and static structure factors, the only in-
put to the theory, are available. Moreover, since the structure
factors that serve as initial conditions to the mode-coupling
equations correspond to those of the fluid phase, the arrest of
density fluctuations predicted by the theory necessarily sig-
nals solidification into an amorphous solid. Accordingly, the
anomalously slow relaxation phenomena that emerge on
cooling or densification of the fluid have been attributed
solely to the glass transition rather the first order freezing
transition.

A colloidal suspension of particles with hard-sphere-like
interactions is one system for which MCT has turned out to
be particularly successful �2�. This system has a freezing-
melting transition that can be mapped onto that known for
the hard sphere system, and a glass transition �5,6�. A small
spread in particle radii delays nucleation �7� of the crystalline
phase sufficiently to allow the dynamics and structure of the
metastable, or undercooled, suspension to be measured with-
out actually losing sight of the equilibrium phase boundary.
Both the coherent and self-intermediate scattering functions,
respectively, expressing the time correlation function of par-
ticle number density fluctuations and the moment generating
function of the particle displacements, have been measured
on this system by dynamic light scattering �DLS� and ana-
lyzed by MCT �8–10�. To place the theory’s success in its
description of these observations in perspective, it must be
mentioned that, since to date they have generally been based
on the asymptotic solutions to the idealized MCT equation,
comparisons with experiment have been restricted to volume
fractions in the vicinity of the observed GT.

More recent DLS experiments �11,12� and molecular dy-
namics �MD� computer simulations �13�, respectively on col-
loidal and ballistic hard spheres, have exposed qualitative
differences in some dynamical properties between the ther-
modynamically stable ���� f� and metastable �� f ����g�
systems of hard spheres. �Here the volume fractions � f
=0.493 and �g�0.57 are, respectively, the freezing and glass
transition volume fractions found for this system.� Negative
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power-law decays of the velocity autocorrelation function
are one distinguishing feature of the metastable fluid �12,13�.
Such decays are redolent of the classical Lorentz gas �14�
and suggest that some of the particles are trapped and, there-
fore, unable to dissipate completely the fluctuating thermal
forces. In the linear hydrodynamic regime thermal fluctua-
tions dissipate by propagating longitudinal and diffusing
transverse momentum currents—respectively sound and vis-
cous flow. It is, therefore, of some significance that MD
simulations �13� find that the amplitude of the classical �posi-
tive� �−3/2 hydrodynamic “tail” of the velocity autocorrela-
tion function �VAF� �15–17�—the manifestation of diffusing
transverse modes—goes to zero as the fluid’s volume frac-
tion approaches � f from below. The idealized version of
MCT �2� considers thermal forces as white noise, i.e., shear
modes are neglected and longitudinal modes are presumed to
propagate instantaneously. The consistency between this ver-
sion of the theory and experiments, mentioned above, sug-
gest that this commonly applied decoupling of the particles’
momenta and positions �18� is not without merit, at least for
a suspension of hard spheres.

The comparison between the results of DLS experiments
and MCT, in this paper, goes beyond the studies mentioned
above in several respects; first, in addition to the mean-
squared displacement, the velocity autocorrelation function
and the non-Gaussian parameter are considered; second, the
range of volume fractions studied extends down to very low
values; and third, both full numerical solutions and the
asymptotic solutions to the MCT �19,20� equations are used
in the comparison. While MCT supposedly contains no
prima facie information about the first order transition, the
primary purpose here is, nonetheless, to see whether either
solution exposes qualitative changes around this transition in
any way similar to those found in experiment and computer
simulation.

II. METHODS

A. Experiment

DLS measurements �11,21� were performed on a mixture
of polymer and silica spheres, having the same average ra-
dius and coated with the same thin steric barrier. The refrac-
tive index of the suspending liquid was adjusted so that scat-
tering from the structure and particle number density
fluctuations was suppressed. Once this is achieved the fluc-
tuations of the light scattered by the suspension are due en-
tirely to the displacements of single �tagged� particles. The
normalized autocorrelation function of the scattered light is
then the self-intermediate scattering function �ISF�,

Fs�q,�� = �exp�iq · �r����� . �1�

Here q is the wave vector and �r��� is the particle displace-
ment in time �. Further experimental details are documented
in Refs. �11,21�. In the ensemble average, denoted by the
angular brackets, the right-hand side of Eq. �1� can be ex-
panded in terms of the even cumulants of the particle dis-
placement distribution, as follows �22�:

ln Fs�q,�� = −
q2

6
��r2���� −

1

2
�q2

6
	2
3

5
��r4���� − ��r2����2�

+ ¯ , �2�

where the first �nonzero� cumulant, ��r2����, is the particle
mean-squared displacement �MSD�. The short and long time
self-diffusion coefficients are defined by �18�

Ds = lim
�→0

��r2����
6�

, Dl = lim
�→�

��r2����
6�

, �3�

where “0” and “�” refer to the lower and upper limits of the
experimental time window.

The rotationally invariant or Gaussian component of the
tagged particle number density fluctuations, obtained in the
limit q→0, is

Fs�q → 0,�� = Fs
�G��q,�� = exp�− q2��r2����/6� . �4�

The second cumulant, or non-Gaussian parameter,

���� =
3

5
��r4���� − ��r2����2, �5�

expresses the first deviation from rotational invariance. This
expression differs from that, �2���=���� / ��r2����2, usually
employed to describe the leading order non-Gaussian effects
�16,17�. The reason for the present choice is that division by
��r2����2 compounds experimental noise and may obscure
subtleties in the behavior for large delay times.

The point, �Rm
2 ,�m�, where the deviation from Markovian

particle displacements is greatest is that where the logarith-
mic slope of the MSD has its minimum value;

� = min�d log��r2����/d log �� . �6�

As in previous work �11,12�, � will be referred to as the
“stretching index.”

The velocity autocorrelation function �VAF� �16�,

Z��� = �v�0�v���� = − lim
q→0

1

q2

d2

d�2Fs�q,�� =
d2

d�2 ��r2����

�7�

is another quantity considered in detail.
After mapping the equilibrium phase behavior onto that

known for the hard-sphere system �23�, the suspension’s
freezing, melting and glass transition volume fractions are
� f =0.493, �m�0.545, and �g�0.565, respectively �5,24�.
Experimental data analyzed in terms of MCT below com-
prises the thermodynamically stable ���� f� and metastable
�� f ����g� suspensions. As discussed elsewhere �11�, dif-
ferential settling of the two types of particle over very long
periods prevents acquisition of unambiguous data for �
��g.

B. Mode coupling theory analysis

The starting point of the theory for a system with diffu-
sive dynamics, characterized by the diffusion coefficient Do,
is the following formally exact expression for the self-ISF
�19,20�:
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Ḟs�q,�� + Doq2Fs�q,�� + Doq2�
0

�

ms�q,� − ���Ḟs�q,���d�� = 0.

�8�

The memory function used for studies of the GT is a qua-
dratic functional of the coherent and self-ISFs, ms�q ,��
=F(F�q ,�� ,Fs�q ,��), which is completely specified by the
static structure factor. These equations possess a dynamical
singularity which, for the hard-sphere system, occurs at the
volume fraction 	c=0.516. At this point the solutions to Eq.
�8� separate into those that decay to zero and those that do
not; i.e., for 	�	c, Fs�q ,�→��=0, while for 	�	c,
Fs�q ,�→��0. The volume fraction 	c is defined in the
theory as an ergodic to nonergodic transition and identified
with the experimental GT.

For 	�	c the leading order asymptotic solution to Eq.
�8� separates the decay of Fs�q ,�� into the 
 and � processes.
The crossover from the faster 
 process to the slower �
process occurs at delay time �
 and the amplitude, the Lamb-
Mössbauer factor, f�q�=Fs�q ,�
�, is independent of �. The
�-process is characterized by a second scaling time, ��.
These times scale with the separation parameter, �=1
−� /�c, as follows:

�
  �−�,

��  �−, �9�

For the hard sphere system �=1.66 and =2.58. The particu-
lar values for these exponents and 	c are obtained from the
theory when the Percus-Yevick approximation is used for the
structure factor. They show some variation with the particu-
lar form used for the structure factor �20�.

The bulk of the analysis below employs full numerical
solutions to the MCT equations �19,20,25�. To absorb the
difference between the critical volume fraction, �c �=0.516�,
and the observed GT volume fraction, �g ��0.565�, as well
as any experimental error in �, fitting of the MCT result for
a given dynamical property to the corresponding experimen-
tal result has previously �8,10� been done by treating the
separation, �, from the critical volume fraction as a free pa-
rameter. A second free parameter sets the microscopic time
scale.

A slightly different approach is used here; the MCT vol-
ume fractions are scaled to the experimental ones by match-
ing of the stretching indices of their respective MSDs. The
microscopic time scale is set by the experimental value of
the short-time self-diffusion coefficient, Ds. In the ensuing
discussion the two classes of solutions to the MCT equations
will simply be referred to as the numerical MCT and
asymptotic MCT.

III. RESULTS AND DISCUSSION

A. Mean-squared displacements

In Fig. 1 stretching indices, �, derived from the experi-
mental data and numerical MCT, are set out against the re-
spective experimental and MCT volume fractions. Note that

the experimental result passes through the value 1
2 at the �first

order� freezing transition volume fraction � f. Figure 2 shows
the connection between the MCT and experimental volume
fractions for the same stretching index. The best fitting
straight line through these points lies within the estimated
uncertainties and passes through the origin and has a slope of
0.919. Division by the latter converts the MCT values, 0.455,
where �=1 /2 and 0.516, the critical volume fraction where
�=0, into 0.495 and 0.561, respectively. Given the noise on
the experimental data, no significance is presently attached to
the differences between these volume fractions and those,
� f =0.494 and �g�0.565, of the observed first order freezing
and GT values, respectively.

In the ensuing discussion of the MCT results the volume
fractions are those scaled by the factor 0.919. In addition all
distances are expressed in units of the particle radius �R

FIG. 1. Stretching index, �, versus volume fraction, �. The two
dashed vertical lines are drawn at the first order freezing �� f

=0.493� and glass transition ��g=0.565� volume fractions. These
lines are also drawn in the remaining figures where � is the
abscissa.

FIG. 2. MCT volume fraction versus the experimental volume
fraction for the same stretching index. The solid line is the line of
best fit to these data. The dashed lines correspond to the freezing
and GT volume fractions, � f and �g. See text for explanation.
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=200 nm� and delay times in terms of the Brownian charac-
teristic time, �b=R2 / �6Do�.

Comparison of theoretical and experimental MSDs are
shown in Figs. 3�a� and 3�b� for the thermodynamically
stable ���� f� and metastable ���� f� suspensions, respec-
tively. The results shown typify the best and the worst agree-
ment. Since no significance can be attached to any differ-
ences with confidence, optimization of the MCT fit to the
data by fine tuning the parameters has not, unlike some pre-
vious analyses �8�, been exercised here.

The comparison in Fig. 3 ratifies the agreement found in
previous MCT analyses of computer simulation results �20�
and some of the present experimental data �10�. These analy-
ses used the separation, �, from �g as a free parameter in-
stead of the index �. Incidentally, they also found a linear
connection between ��exp� and ��MCT� in the range of vol-
ume fractions, between approximately 0.5 and �g, where the
analyses were applied. The present work shows that this con-
sistency between the theoretical and experimental MSDs ex-
tends to arbitrarily low volume fractions.

The reduced diffusion coefficients D*=Dl /Ds, where Dl
and Ds are the long and short time self-diffusion coefficients
�Eq. �3�� are set out against volume fraction and the stretch-

ing index in Figs. 4 and 5, respectively. In view of the un-
certainties, already mentioned, the value D*�0.08 at � f is
not considered as inconsistent with the empirical dynamic
freezing criterion of Löwen et al. �26�. One also notices, in
Fig. 5, that the power law, D*�5, offers a good approxi-
mation to both theory and experiment.

The delay times and root-mean-squared displacements, �m
and Rm, at the point of maximum stretching of the MSDs are
shown in Figs. 6 and 7. For ��� f experimental and theo-
retical values of �m and Rm are consistent. However, ��� f
differences, not apparent in the scales used in Fig. 3, are now
exposed. So, for the thermodynamically stable suspension
MCT predicts the non-Markovian processes, responsible for
the stretching of the MSD, to be slightly faster than seen
experimentally.

Even though their microscopic time scales and the mini-
mum logarithmic slopes of the theoretical and experimental
MSDs have been matched, overlap of their respective MSDs
over the whole time window is not guaranteed. So, whatever

(b)

(a)

FIG. 3. �Color online� Mean-squared displacements, experiment
compared with numerical MCT for volume fractions and stretching
indices indicated as �� ,��; �a� ��� f. �b� ��� f.

FIG. 4. Reduced diffusion coefficient versus volume fraction.
See text for further details.

FIG. 5. �Color online� Reduced diffusion coefficient versus the
stretching index. The dashed and solid lines, of slopes 4.9 and 5.2,
are the best fitting straight lines through the experimental data and
the MCT results, respectively.
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quantitative consistency between experiment and MCT is
seen in Fig. 3, and, for that matter, in Figs. 6 and 7 is not
trivial. Of course this raises the question: why is the consis-
tency better for ��� f than for ��� f?

B. Velocity autocorrelation function

A previous publication �12� shows that the VAFs of these
suspensions, seen in the experimental time window, are
about seven orders of magnitude smaller than the mean-
squared thermal velocity, Z�0�= �v2��107, and, beyond
minima around ��10−2, they decay to the noise floor from
below. However, the key feature is that the decay follows a
stretched exponential function for ��� f and a power law
for ��� f.

As mentioned in Sec. I, in idealized MCT the microscopic
dynamics are assumed to be diffusive, so its VAFs necessar-
ily decay monotonically from below. Figure 8 shows double
logarithm plots of �Z���� versus �; Fig. 8�a� for several vol-
ume fractions around � f; Fig. 8�b� for ��� f; and Fig. 8�c�
for �=0.535.

For ��� f one sees that a stretched exponential function,

Z��� = − B exp
− � �

�d
	�� , �10�

gives a fair description of the whole decay of the VAF. The
parameters of Eq. �10� that give the best fits to the numerical
MCT are plotted in Fig. 9.

The values of the parameters, B=0.5±0.05, �
=0.28±0.02, and �d=0.008±0.002, obtained by fitting Eq.
�10� to the experimental VAFs �12� show no systematic
variation with � ��� f�. The stretched exponential that best
describes the experimental data for ��� f is also shown in
Fig. 8�a�. The differences between theory and experiment,
displayed in Fig. 9, are that both the amplitude, B, and the
decay time, �d, of the MCT results vary with �. However, the
stretching parameter, �, does not and its value agrees with the
corresponding experimental result.

Around � f the stretched exponential fitted to the theory at
long times starts to deviate at short times. These deviations
increase as one proceeds deeper into the metastable regime.
As demonstrated in Fig. 8�b�, from the other end of the time
window, the fit of Eq. �10� to the VAFs at short times devi-
ates at long times. It is also evident that the deviation can be
described by a power law,

Z��� = − � �

� f
	−�

. �11�

Figure 8�c� presents another illustration of this. Experimental
and MCT VAFs for �=0.535 �or ��0.33�, about midway
between � f and �g, are shown. In both cases, only the initial
part of the decay of the VAF is compatible with a stretched
exponential. At ��1 this crosses over to a power law which
describes the decay of the experimental VAF down to the
noise floor. For MCT there appears a time window, that ex-
pands as � increases from � f to �g, where the VAF no longer
follows a stretched exponential but can be described most
simply by a power law.

The values of the parameters, � f �1 and ��2, of the
power law that fits the MCT results show no systematic
variation with �. The obvious difference seen in Fig. 8�c� is
that the experimental result is much lower; � f �0.1. Another
difference from MCT is that the observed power-law expo-
nent, �, varies from approximately 3 /2 at �=� f to approxi-
mately 2 at �=�g �12�.

Both MCT and experiment expose a difference, between
the thermodynamically stable and undercooled suspensions,
that warrants emphasis. First, for the thermodynamically
stable suspension the experimental and MCT VAFs can both
be described by stretched exponential functions of delay
time, Eq. �10�, with the same stretching index. As discussed
elsewhere �12�, this manner of decay of the VAF is fully
compatible with diffusing shear modes in the suspending liq-
uid. As mentioned in Sec. I, these mode are not included in
the idealized MCT. Consequently, the velocity reversals, that
necessarily result from packing constraints among the par-
ticles, are unmitigated by the delayed, positive feedback pro-
duced by the shear modes �15,16�. Herein lies a possible
explanation for the quantitative differences, seen in Figs. 6

FIG. 6. Delay time, �m, at the point of maximum stretching of
the MSD, versus volume fraction.

FIG. 7. Root-mean-squared displacement, Rm, at the point of
maximum stretching of the MSD.
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and 9, which indicate that the theory predicts the non-
Markovian movements to be faster and the correlation of
velocity reversals stronger than found experimentally.

Second, at or near the volume fraction of the first order
transition the VAFs of both experiment and MCT start to
show deviations from Eq. �10� that can be described most
simply by a power law �Eq. �11��. In Ref. �12� a negative
algebraic decay in the VAF, where the exponent is less than
−3 /2, was read as the inability of some fraction of the par-
ticles to respond to diffusing shear modes, due to the impo-
sition of packing constraints. In other words, in the under-
cooled suspension �some� particles no longer couple to those
hydrodynamic modes excluded from the idealized MCT.
This may be why the consistency between the theory and
experiment, seen in Figs. 6 and 7, is better for ��� f than for
��� f.

C. Non-Gaussian parameter

Numerical MCT results for the non-Gaussian parameter,
����, defined in Eq. �5�, are shown in Fig. 10. Figure 11
presents double logarithm plots of ������� and the corre-
sponding MSDs for several volume fractions. For ��� f one
notices that ���� increases monotonically with �, whereas for
��� f it has a minimum. Figure 12 plots the magnitude of
the minimum. This is seen to extrapolate to zero at �
=0.492±0.001. This change in monotonicity of the non-
Gaussian parameter was noted also in Ref. �19� but these
authors did not draw attention to its proximity to � f.

Despite significant technical advances there has been little
improvement, since the first attempts �27�, in the accuracy of
the non-Gaussian parameters measured by DLS. Typical re-
sults obtained recently �28� are shown in Fig. 13. All that can
be said of these is that at very high volume fractions they
also show minima and then, with increasing �, increase with-
out apparent limit. In these respects there is consistency with
MCT. Moreover, as may be seen in Fig. 14, there is also
some consistency in the location, �g, of the minima.

(b)

(a)

(c)

FIG. 8. �Color online� Velocity autocorrelation functions; nu-
merical MCT indicated by circles; the stretched exponential, Eq.
�10�, shown by solid lines; the power law, Eq. �11�, shown by
dashed lines. Stray points result from amplification of numerical
noise on taking the second derivative of the MSD �Eq. �7��. �a� For
values �� ,�� from left to right, �0.438,0.65�, �0.478,0.55�, �� f

=0.495,0.50�, �0.510,0.44�, �0.532,0.35�, with each successive re-
sult displaced along the abscissa by one; the dashed/dotted line
represents the stretched exponential through the experimental data
of Ref. �12�. �b� For values �� ,�� from left to right, �0.510,0.44�,
�0.532, 0.35�, �0.548,0.24�, �0.558,0.11�. �c� For �0.535,0.33�. The
crosses are experimental data. Take note of the changes to the scales
of the axes when going from �a� to �c�.

FIG. 9. Parameters of the fit of Eq. �10� to VAFs of MCT
�closed symbols� and experiment �open symbols, dashed lines�. See
text for further details.
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Now according to the cumulant expansion, Eq. �2�, ����
presents the leading order deviation of the tagged particle
density fluctuations from rotational invariance, i.e., ���� is a
direct measure of the symmetry breaking displacements. So
it appears from Figs. 10 and 13 that symmetry breaking dis-
placements are a necessary and ever present dynamical re-
sponse to packing constraints. When � exceeds � f an addi-
tional contribution emerges, one indicative of particles
confined in anharmonic traps.

D. Asymptotic MCT

Reference �19� presents a detailed comparison of the
asymptotic and numerical solutions of the mode-coupling
equations for the self-ISF and its two leading cumulants. It is
shown that the range of validity of the asymptotic results
varies from one dynamical property to another and that, gen-
erally, the time window over which asymptotic and exact
results coincide is significant only for very small separation,
�=1−� /�g �less than about 1%� from the GT.

There are several other ways in which the leading order
asymptotic results of MCT can be tested against both the
numerical MCT and experiment; these include, as discussed
in Sec. II B, the predictions for the Lamb-Mössbauer factor
and the scaling times of the 
 and � processes.

First, in Fig. 7 one sees that Rm decreases monotonically
with � up to � f and then shows no further systematic varia-
tion as � approaches �g. Significant differences are seen be-
tween experiment and numerical MCT for ��� f but their
respective results are more consistent for ��� f. �The small
dip in the MCT result is estimated to be within experimental
noise and numerical errors incurred in the analysis of the
MCT output. So, for the present discussion no significance is
attached to this dip.� As mentioned in Sec. II B, the
asymptotic MCT predicts the Lamb-Mössbauer factor, f�q�
=Fs

�G��q ,�m�=exp�−q2Rm
2 �, to be independent of �. This is

seen to be the case, at least approximately, for ��� f, but
definitely not for ��� f. So this presents a point of validity
of the asymptotic MCT, but only for ��� f.

To test for the possible power-law dependence of �m on �,
the value of �g was varied until log �m was found to be as

FIG. 10. Non-Gaussian parameter from MCT, for values �� ,��
indicated.

FIG. 11. Logarithm of MSD �closed symbols� and absolute
value of the non-Gaussian parameter �open symbols� from MCT for
pairs �� ,�� indicated in Fig. 10.

FIG. 12. �Color online� Minimum value of the non-Gaussian
parameter from MCT. The line of best fit through the points be-
tween �=0.49 and �=0.55 extrapolates to min���=0 at �=0.491.

FIG. 13. Experimental non-Gaussian parameter for volume frac-
tions, left to right, 0.29, 0.500, 0.517, 0.534, 0.560. Each successive
data set is displaced along the abscissa by one.
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close as possible to a linear function of log �. Applying this
procedure to the numerical MCT “data” and the experimental
data, for ��� f, required values for �g of 0.560 and 0.563
and yielded values of 1.6±0.1 and 1.8±0.2, respectively, for
the values of the exponent � in Eq. �9�. The results of this
analysis, shown in Fig. 15, indicate that it is possible to
select values of �g, within the range of uncertainty of the
actual values, so that �m follows a power-law variation with
�. Moreover, the values of the exponent then obtained, from
numerical MCT and experiment, are consistent with that, �
=1.66, predicted by the asymptotic MCT for the power-law
divergence of �
. Values of �
, obtained by analysis of the
coherent intermediate scattering functions of the hard-sphere
suspension with the asymptotic MCT �8�, are also shown in
Fig. 15. These results indicate equality of �m and �
 and,
given that, consistency with the predicted universality of �
.

Figure 16 plots log D* versus log � using the values,

0.560 and 0.563, for �g just obtained. The results are consis-
tent with a power law, �D*�−1�− for ��� f. Values of the
exponents of the best fitting power laws are 2.2 and 3.1 for
the numerical MCT and experiment, respectively. Bearing in
mind the sensitivity of � to the precise value of �g, the values
of the exponents obtained should not necessarily be seen as
grossly inconsistent with the value, =2.58, predicted for the
scaling time of the � process �Eq. �9��.

The consistencies that may be read from Figs. 15 and 16
between the values of �m and �D*�−1 and the power-law pre-
dictions of the asymptotic theory apply at most for ��� f, or
��0.1. For ��� f deviations of the asymptotic MCT from
experiment and numerical MCT cannot be rationalized by
any combination of uncertainties.

Reference �11� defines the delay time �m as a crossover
from a fast to a slow process which, so long as �m and �
 are
equivalent, are in turn equivalent to the 
 and � processes of
MCT, with the amplitude of the latter being f�q�=Fs

�G�

��q ,�m�. Accepting this, then in the results for �
 and f�q�,
obtained from experiment for ��� f, one arrives at two of
the predictions of the asymptotic MCT without, unlike pre-
vious analyses �8�, direct recourse to the theory itself.

Finally, an alternative asymptotic solution �10�, one based
on an expansion of the memory function, ms in Eq. �8�,
rather than the ISFs, reveals a contribution to the MSD pro-
portional to log � infinitesimally close to the GT. This trans-
lates into a contribution to the VAF proportional to −�−2. In
this regard consistency is seen with the numerical MCT and
experiment as �→�g.

IV. CONCLUSION

The numerical solutions of the idealized MCT have been
compared with DLS experiments for various aspects of the
tagged particle density correlator of a suspension of hard
spheres. The range of volume fractions considered spans the
known thermodynamically stable phase ���� f =0.493� and

FIG. 14. Logarithm of the delay time, �g, at the minimum in the
non-Gaussian parameter.

FIG. 15. Double logarithm plots of delay times, �m, extracted
from the MCT and experimental MSDs, and the time scale, �
, of
the 
 process from Ref. �8�, versus the separation parameter. The
solid and dashed lines represent the power laws to the MCT and
experimental results. Note that log���� f���−0.91. See text for ad-
ditional explanation.

FIG. 16. Double logarithm plots of the reduced diffusion coef-
ficient versus the separation parameter. The solid and dashed lines
represent the power laws to the MCT and experimental results. See
text for explanation.
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the undercooled, or metastable, phase �� f ����g�0.56�
up to the GT. Alignment of the theoretical and experimental
volume fractions was achieved by matching the minimum
logarithmic slopes of their respective MSDs. For each � the
measured short time self-diffusion coefficient was then fac-
tored into the MCT result to bring its time scale into align-
ment with the experimental one. This rescaling brings the
theoretical and experimental MSDs and the long-time self-
diffusion coefficients of MCT into quantitative agreement for
the whole range of volume fractions �0.2��g� studied ex-
perimentally. So, on the face of it, MCT quantitatively de-
scribes the experimental MSDs, not just near �g, as expected
from the asymptotic solutions, but for all � on the fluid side
of the GT at least.

The most intriguing outcome of MCT is the emergence of
nonmonotonicity in the non-Gaussian parameter and the ap-
pearance of negative algebraic decays in the VAF. That these
occur at the volume fraction, � f, of the first order transition,
or as close to � f as experimental noise and resolution allow
one to specify, may be just a coincidence, a coincidence pos-
sibly peculiar to a system of diffusing hard spheres. How-
ever, given the consistency of experiment and MCT with
regard to the VAF at least, it is nonetheless a curious coinci-
dence, made all the more so by the results of molecular dy-
namics simulations of �Newtonian� hard spheres which indi-
cate the disappearance, from the dynamical window, of the
�positive� �−3/2 hydrodynamic power law �the manifestation
of diffusing transverse momentum� and the emergence of a
negative, −�−5/2, power law in the VAF at � f precisely �13�.
Moreover, simulations of a binary mixture of hard spheres
find that this exchange of positive and negative algebraic
decays of the VAF occurs at the known freezing volume
fraction of that mixture.

In Ref. �12� a negative algebraic decay in the VAF, where
the exponent is less than −3 /2, was attributed to the presence
of particles whose response to thermal forces is impaired
because they are indefinitely trapped in clusters �“indefi-
nitely” meaning the time while the metastable fluid main-
tains its integrity—there being no evidence of nucleation�.
The picture of such dynamical heterogeneity—clusters of
particles immersed in a sea of comparatively mobile
particles—is well-known from optical microscopy �29,30�
and computer simulations �31� of very dense suspensions
and molecular fluids. So, it appears that for volume fractions
greater than � f the impost of packing constraints is such that
particles start to trap themselves in clusters which, as shown
recently, may percolate the system �30�. As schematized and
discussed in Ref. �32� force chains that may be present in
these clusters provide a fragile resistance to low frequency
shear stresses. In this we see a possible route to vitrification.

But could there be another role for these clusters of par-
ticles? Is it plausible that, in response to whatever stresses

the mobile interstitial material exerts on the clusters, Bragg
reflecting crystals are formed through registration of the
force chains into layers and then stacks. Consider the results
of recent experiments on the crystallization kinetics of these
hard-sphere suspensions �33�. These indicate the presence,
immediately after shear melting, of compressed amorphous
or smectic structures �34� whose average linear dimension of
some 15 particle diameters shows little variation with either
volume fraction or the spread in particle radii. It also has
become evident that conversion to the crystalline phase—the
emergence of those reflections indicative of hexagonal
packing—is initiated from these structures �33�. Moreover,
the compactness of these precursors means that even a small
spread in particle radii �say, around 5% of the mean� de-
mands some local fractionation for the registration processes
to occur �35�. Indeed, even if inadvertently, size polydisper-
sity in these suspensions has been exploited in order to delay
the induction of the crystalline solid and protract the meta-
stable state without, as evident from the results in Ref. �7�,
significant impact on the particle number density fluctua-
tions.

So, the proposal is that at volume fractions exceeding � f,
irrespective of the microscopic dynamics, packing con-
straints are so severe that particles become trapped in clus-
ters. Percolation of the clusters leads to solidification in an
amorphous state while organization, or registration, within
the clusters initiates solidification in the crystalline state.

If one accepts the above interpretation of the qualitative
change in the VAF at � f then MCT must be seen in a broader
context. Indeed the mode coupling equations, as formulated
in Refs. �1,2�, to describe structural relaxation in dense fluids
possess a dynamical singularity. Asymptotic solutions about
this singularity describe the slowing of density fluctuations
and their partial arrest in a manner that agrees with observa-
tions, at least for some simple glass formers �asymptotically�
near their respective glass transition points. So, from the per-
spective of the asymptotic solutions alone MCT is, at most, a
theory for the glass transition. However, the above analysis,
on the basis of the complete numerical solutions, suggests
the delayed, nonlinear feedback in the mode coupling equa-
tions also encapsulates a degree of subtlety that has so far
gone unnoticed: the cooperation that distinguishes the dy-
namics of thermodynamically stable and undercooled hard-
sphere suspensions and, in the latter, the cooperation that sets
up the structural precursors for the first order freezing tran-
sition.
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